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1 The nearest point on an ellipse to a given point

An ellipse in the coordinates orientated alone its major and minor axes is given
as,

= t
TTACSE g <t <o (1)
y = bsint

the distance to a given point (z,y),
s2 = (x—acost)® + (y — bsint)? (2)
= 224+ y% +a%cos?t +b?sin®t — 2zacost — 2ybsint

The stationary points can be found by the zero points of its first order
derivative,

d 2
(;t ) = —a’?sin 2t + b?sin 2t + 2zasint — 2ybcost = 0 (3)
sint(2xa + 2(b* — a*)cost) = 2ybcost
2ybcost
sint = YOO8 (4)

2za + 2(b% — a?) cost
The second order derivative is,

d?(s?)
dt?
To solve the equation of stationary point, let u = cost, Eq. (4) is equivalent
to a quartic equation of wu.

= 2zacost + 2ybsint + 2(b* — a?) cos 2t



u = cost

(1 —u?)(2za +2(b* — a®u)? = 4y°b%u?
1 —u?)(yu—a)* = p%u?
a = 2az
B = 2by
v = 2(a® -1
(w? =D (yu—a)? +p*u? = 0
Y2ul = 20903 + (@ + % —yHu® + 209w —a® = 0

The minimum points have positive second order derivatives,

d*(s%) 2 _ 12 :
e = —2(a” — b°) cos 2t + 2ax cost + 2bysint > 0
2
(1 —2u?) + au + Fu >0
a—yu

2 Ellipse-Ellipse Intersection

Choose the coordinate axes to be along the major and minor axes of one of the

two ellipses, the equations for the two ellipses have the following form,

Agoox® + Ao11y* —1=0
Avgox® + 241012y + A1y + Bz + By —1=0
Regroup the ellipse equations as quadratic equations of =z,
asx?+ay=0
Bax? + Praz + o = 0

With the coefficients as polynomials of y,

ay = Aooo

ag = Aonny? —1

2 = Atoo

fr = 2A101y + Bio
Bo = Amy®+Buy-—1

Elliminate z from Eqgs. (7), the Bézout determinant has the form,

(a2 — apB2)? + By = 0

(6)



Eq. (9) is a quartic equation of y,

wgyt + usy® + ugy? + ury + ug =0 (10)

where the parameters u; are,

uy = v? + 24101401100

ug = voUg + 2v3v1

uy = 2(vivg — Aj0100) + V3 + vovg/2 (11)
up = 2(v3v4 — Biovo)

uy = v? — Biova

with the parameters v;,

v = 2A000A100
v = AoooA111 — ArooAo11
vy = AoooB1o (12)
vy = AopooBi1
vy = AgooCr + Ao
vg = 2A011B10

ap = Aooo

Y = A011y2 -1

a; = Ao

pr = 2A101y + Bio

71 = Ay’ +Buy-1

oz = Aooo

ap = Apn1y? — 1

B2 = Ao
B1 = 2Ai01y + Bio
Bo = Ay’ + Buy+Ci
a2x2 +ay = 0
Box® + Bz + By = 0



asfr1x + azflp —apfa = 0
(a2fo — apB2)® + apaaf; = 0

_ %0f2 — a2f

azf
Equations,
Aoooz® + Agny> —1 = 0
A1002” + (241019 + Bio)z + (A111y® + Buy +C1) = 0

Elementing 22z,

Aoool(24101y + Bio)z + (A111y” + By + C1)] — Aroo(Aony® — 1)

[2A000A101y+Aooo Bio)z+(Aooo A111—Ar00Ao11)y°+Ao00 B11y+AoooCr+A100 = 0

(AoooA111 — A1004011)y* + AocoB11y + AoooCh + Aioo
2A000A101Y + AoooB1o

[Ao00(A1119% + Br1y+C1) — (Aon1y® —1) Aroo]* + (Aor1y* — 1) Agoo (241015 + Bo)?

yt o A%yoAT1 — 2A000A011A1004111 + 4A000 011470 + Ad1 ATgo

y* 1 24300A111 B11 — 2A000Ao11 A100B11 + 44000 Ao11 A101B1o

y2 : 2A%00A11101 - 2A000A011A10061 + A%OOBfl + A000A011.B%0 + 2A000A100A111 — 4A000A%01 — 2A011A%
2(A000C1 + A100)(AoooA111 — Ao11A100) + Adoo BT + AgooAo11 Biy — 4Ao00 AT

Yy : 24500 B11C1 + 2A000A100B11 — 4Ag00A101 Bio

" AZpoCF + 24000 A4100C1 — Aooo By + Ao



3 intersection between an ellipse and a line

r = xg+ kit
= yo+kyt

(xO + If:nct)2 + (QO + kyt)Q

a? b2 1
k3 kz% 2 Toks | Yoky 5”(2) y(%
(a—§+b—2)t +2( Z T )H(?J’?_ ) = 0
4 Scale an ellipse
r = acost
= bsint
rotated to angle 6,
r = acostcos —bsintsinf

= acostsinf + bsint cosf
scale z and y
kx(acostcosf — bsintsin b))
= ky(acostsin + bsintcos6)
The distance to ellipse center,

R R
a? (k3 cos® 0 + k. sin? ) cos® t + b* (k2 sin? 0 + k. cos” 6) sin?t + absin 0 cos 0(k; — k) sin 2t

Define,
A = 1(zz(k2 cos? @ + k2 sin? )
= 5 2 ;
1
B = ibQ(kz sin? 6 + ki cos® 0)
Cc = absingcosg(kz —k2)
Then,



r? = A+ B+ (A — B)cos2t + Csin2t
The major radius is the maximum of r,
Tmaz:A+B+\/(A—B)2+C2 (13)
the minor radius is the minimum of r,

Foin = A+ B —/(A— B)2 + C? (14)

and the orientaion of major axis is corresponding to ellipse angle ¢ of the
unscaled ellipse,

C
tant = m (15)

5 Tangent of an ellipse

the tangent at a given point has the slope of,

d7y _ bcos 6

dx  asinf

When tangent vector (—asiné,bcosé) is normal to a given direction (z,y)

axsinf = by cos 6

b
tanf = 2y
azx

6 Ellipse from 4 points with axes in x — /y—direc-
tions

The ellipse is determined by a linear equation set of the form,

ar® +bry+cy? +de+ey =1

7 Circle from three points

{m—ﬂ? P
7= = i

Py = |72/2
Bem = |7[2/2



8 Ellipse by foci and a point on ellipse

Ellipse is defined as having a constant total distance to the two foci

VE—e?2+12+(z+c)2+y2=2d

(22 + 12+ ) + /(22 + y% + )% — 4222 = 24°
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9 Ellipse arc length

The arc length over angle range,

0

s = /\/dl‘2+dy2

/\/a2 sin? t + b2 cos? tdt
- o[-

/ V1 — k2sin® tdt

alE(k) — E(0, k)]

0052 tdt

first order direvative,

d
@ a1 —k2cos?t

de
do 1

ds av'1 —k?cos?t

ds = \/a2 sin? t + b2 cos? tdt

the curvature of an ellipse,

ab

= : 2 3
\/@2 sin” t + b2 cos? t

ds = \/a2 sin? ¢ + b2 cos? tdt



ab

df = kds = dt
a?sin®t + b2 cos? t

g — azsin2t+b2cos2td9
ab

second order direvative

d?s k2sintcost

d? TR cost
where k = /1 — b2/a?

10 Ellipse centered at origin and passing three
points

An ellipse centered at origin has the form,

az? 4+ 2bzy + cy® =1

the parameters are determined by a linear equation set, and the ellipse axes
are recovered by finding the eigen vectors and eigen values of the quadratic form

(v )

11 Problem of Appollonius

The statement of the problem: to construct a common tangent circle of three
given circles.

Algebraic solution of the Appollonius’ Problem. The three given circles have
their centers and radii as, (C_"l,Rl), (62,R2) and (C_:g,Rg), respectively. The
common tangent circle has its center and radius as (C_"O, Ry) to be determined.
The tangent conditions:

ICo—Ci> = (Ro+ Ry)?
ICo—Co* = (Ro+ Ryp)? (16)
|Co—Cs]* = (Ro+ Rs)*
where R; i = 1,2, 3 are either positive or negative to give a total of 8 possible
solutions.

For Egs. (16), subtract the last equation from the first two to get rid of
quadratic terms,



{ 2(Cs — C1) - Cy

Solve Egs. (17) for Cy as a linear function of Ry,

9 = P+ QuRg
Yo = Pp+QuRy

In combination with Eq. (16),

|P + QR — Cy|> = (Ro + Ry1)?

(IQ)* = 1)RZ +2[(P — Cy) -G — Ri]Ro +|Co — P> = RZ =0

|63|2 - |C_:1|2 + R% — R% + 2(R1 — Rg)RO
2(03 — CQ) -Cy = |Cg|2 — |C’2|2 + R% — R§ + 2(R2 — Rg)R()

(17)

(18)



